We examine the constraints on the two Higgs doublet model (2HDM) due to the stability of the scalar potential and absence of Landau poles at energy scales below the Planck scale. We employ the most general 2HDM that incorporates an approximately Standard Model (SM) Higgs boson with a flavor aligned Yukawa sector to eliminate potential tree-level Higgs-mediated flavor changing neutral currents.
I. INTRODUCTION
With the recent discovery of a Higgs-like particle with a mass of about 125 GeV by both the ATLAS [1] and CMS [2] collaborations, the focus has now turned to deciphering the properties of this particle and determining whether it is the Standard Model (SM) Higgs particle, or part of an extended Higgs sector. Analyses performed by ATLAS and CMS collaborations have shown that the couplings of the newly discovered particle are consistent with a SM-like Higgs boson, within the accuracy of their measurements. In light of the present precision of the Higgs data, the LHC can claim to have discovered a SM-like Higgs boson. However, there is still plenty of room for deviations from SM behavior of O(10%). A SM-like Higgs boson is easily achieved in an extended Higgs sector in the decoupling limit, where the lightest scalar is identified as the observed SM-like Higgs boson, and the heavier scalars are somewhat separated in mass (e.g. with a mass scale above 350 GeV [3, 4] ).
Before the mass of the Higgs boson was known, upper bounds on the SM Higgs mass were obtained by requiring that the running quartic coupling parameter avoid Landau poles (LPs), i.e., the coupling was required to remain finite up to a given energy scale Λ [5] [6] [7] . Lower bounds were obtained by requiring that the scalar potential remain stable during renormalization group (RG) evolution [8] [9] [10] [11] [12] [13] . That is, the scalar potential is bounded from below at all scales between the electroweak scale and Λ. These bounds were contingent on the assumption that no new physics beyond the SM (BSM) enters between the electroweak scale and Λ. Turning around the argument, the existence of a LP or an instability of the scalar potential at some energy scale Λ suggests that new BSM physics must be present at or below Λ.
After the discovery of the Higgs boson, previously obtained bounds were updated using twoloop renormalization group equations (RGEs) in Ref. [14] and three-loop RGEs by Ref. [15] .
The most recent analysis of Ref. [16] has shown that the SM scalar potential becomes unstable at a value of Λ well below the Planck scale, if the Higgs boson mass is smaller than 129.6 ± 1.5 GeV.
1 Taken at face value, these results would further imply that we live in a metastable vacuum that will eventually (and catastrophically) decay via tunneling into the true vacuum.
However, the lifetime of the metastable vacuum is many orders of magnitude larger than the age of the universe [16, 17] . On the other hand, if the electroweak vacuum is absolutely stable, the neutral Higgs couplings are diagonal in the mass-basis for the neutral Higgs bosons. The most general 2HDM parameter space allowed by the present data is somewhat larger than the one specified here. Nevertheless, the restricted parameter space outlined above is still quite general and incorporates the more constrained 2HDMs considered in the literature.
The existence of additional scalar degrees of freedom in an extended Higgs sector provides an opportunity to cure the vacuum metastability problem of the SM Higgs boson. However, by demanding no Landau poles and requiring a stable scalar potential at all energy scales up to the Planck scale, one imposes strong constraints on the parameter space of the extended Higgs sector. Investigations of this type have been performed in extended Higgs sectors prior to the discovery of the Higgs boson in Refs. [22] [23] [24] [25] [26] [27] [28] . With the discovery and identification of a SM-like Higgs boson, the question of the validity of extended Higgs sectors up to the Planck scale has become more focused. A number of authors have considered the stability properties of extended Higgs sectors with additional singlet scalar fields [29] [30] [31] [32] and 2HDMs
with constrained scalar potentials [33] [34] [35] .
In this paper, we examine the theoretical consistency of the most general 2HDM between the electroweak scale and the Planck scale, using the one-loop RGEs of the model to investigate the possible occurrence of Landau poles and instability of the scalar potential. We focus on the decoupling regime of the 2HDM where the 125 GeV Higgs boson is SM-like [36, 37] , and assume Yukawa alignment in the flavor sector [38] to avoid Higgs-mediated tree-level FCNCs.
Our aim is to exhibit the allowed regions of the 2HDM parameter space that are free from both Landau poles and vacuum instability below the Planck scale. In particular, a 2HDM that satisfies these constraints does not require further BSM physics to stabilize the theory.
One of the distinguishing features of the most general 2HDM is the fact that the two scalar doublet, hypercharge-one fields are indistinguishable. One is always free to define new linear combinations of the scalar doublets that preserve the kinetic energy terms of the Lagrangian. A specific choice for the scalar fields is called a basis, and any physical prediction of the theory must be basis independent. In our analysis, we employ a basisindependent formalism introduced in Ref. [39] . We consider the most general 2HDM scalar potential (which is potentially CP-violating) and the most general Yukawa sector, which introduces three additional independent 3 × 3 matrix Yukawa couplings. Without additional assumptions, the latter yields Higgs-mediated tree-level FCNCs, in conflict with observed data. In order to circumvent this, we impose a "flavor alignment ansatz", introduced in Ref.
[38], which postulates that the independent matrix Yukawa couplings are proportional to the corresponding quark and charged lepton mass matrices. In this case one finds that, in the mass basis for the quarks and leptons, the matrix Yukawa couplings are flavor diagonal, and the Higgs-mediated tree-level FCNCs are absent. One way to achieve alignment in the Yukawa sector is to introduce a set of discrete symmetries which constrain the Higgs scalar potential and Yukawa couplings. The so-called Type-I and II 2HDMs [42] , and the related Type X and Type Y 2HDMs [40, 41] provide examples of this type. Indeed, Ref. [43] showed that the flavor alignment is preserved under RGE running if and only if such discrete symmetries are present. The flavor alignment ansatz is more general, but requires fine-tuning in the absence of an underlying symmetry.
This paper is organized as follows: In section II, we review the basis-independent formalism as applied to the 2HDM. In section III, we describe the Yukawa sector and present the flavor alignment model used in this analysis. In section IV, we present our numerical analysis of the mass bounds governing the lightest scalar, which are derived by requiring the stability of the 2HDM potential and the absence of Landau poles in the scalar quartic couplings below the Planck scale. Our analysis employs both the one-loop RG running of the quartic couplings, along with an estimate of the effects of the two-loop corrections. In section VI, we present our conclusions. The one-loop basis independent RGEs are presented in Appendix A, and stability conditions on the basis-independent 2HDM potential are derived in Appendix B.
II. BASIS-INDEPENDENT TREATMENT OF THE 2HDM

II.1. The Higgs Basis
In a generic basis, the most general renormalizable SU(3) C ×SU(2) L ×U(1) Y gauge-invariant 2HDM scalar potential is given by
for the Higgs-quark interactions is given by eq. (A1). Following the discussion of Appendix A, we can re-express the Yukawa Lagrangian in terms of the quark mass-eigenstate fields [46] ,
where η U,D 1,2 are 3 × 3 Yukawa coupling matrices and K is the CKM matrix. Using eq. (2), one can rewrite eq. (16) in terms of the Higgs basis scalar doublet fields,
where
Note that ρ Q → e −iχ ρ Q with respect to the rephasing H 2 → e iχ H 2 . Since H and M D , whose matrix elements are real and non-negative,
The Yukawa couplings of the Higgs doublets to the leptons can be similarly treated by replacing
M E is the diagonal charged lepton mass matrix.
Since the Yukawa matrices ρ U,D,E are independent complex 3×3 matrices, it follows that the Yukawa Lagrangian exhibited in eq. (17) generically exhibits tree-level Higgs mediated FCNCs.
The off-diagonal elements of the ρ U,D matrices are highly constrained by experimental data to be very small. As first shown by Glashow, Weinberg and Paschos (GWP) [47, 48] , it is possible to naturally eliminate tree-level Higgs mediated FCNCs if, for some choice of basis of the scalar fields, at most one Higgs multiplet is responsible for providing mass for quarks or leptons of a given electric charge. In the 2HDM, the GWP condition is usually imposed in four different ways by employing the appropriate Z 2 discrete symmetry [40-42, 49, 50] : 3 As noted in eq. (A6), the ρ Q are U(2)-pseudoinvariant combinations of the Yukawa coupling matrices and
3. Type-X Yukawa couplings: η
For example, it follows from eq. (18) that in the Type-I 2HDM,
and in the Type-II 2HDM,
In light of eq. (19), the ρ F (F = U, D, L) are, in these cases, diagonal matrices in which case the neutral Higgs-fermion Yukawa interactions are flavor-diagonal at tree-level.
If only phenomenological considerations are invoked in choosing the Higgs-fermion Yukawa couplings, then it is possible to consider the more general case of the flavor-aligned 2HDM introduced in Ref. [38] . In this model applied to the Higgs basis, one imposes the following
which generalize the Type-I and II results exhibited in eqs. (20) and (21) . In eq. (22), the alignment parameters, α U,D,L , are arbitrary complex constants. 4 The flavor alignment condition shown in eq. (22) is not imposed by any symmetry, and is strictly unnatural (i.e., it can be achieved only by a fine-tuning of the model parameters). Equivalently, as observed in
Ref. [43] , the flavor alignment is preserved under RGE running only in the case of Type I, II, X and Y Yukawa couplings. Nevertheless, one can imagine the possibility of new dynamics above the electroweak scale that could be responsible for an approximately flavor-aligned 2HDM. Thus, in our analysis we shall employ the more general eq. (22), which is sufficient for satisfying the phenomenological FCNC constraints. Yukawa couplings will develop Landau poles below the Planck scale. In our analysis, we will determine the allowed regions of the flavor-aligned 2HDM parameter space where such Landau poles are absent. 5 By choosing to work in the decoupling limit where Y 2 ∼ > 500 GeV, we ensure that FCNCs generated by one-loop radiative effects are not too large to be in conflict with experimental data (see e.g. Ref. [51] ).
IV. RG STABILITY AND PERTURBATIVITY OF THE 2HDM
Let us assume that the observed SM-like Higgs boson (with m h 125 GeV) is part of a 2HDM in the decoupling limit with a flavor-aligned Yukawa sector, with no other new physics present beyond the 2HDM below the Planck scale. 6 We shall examine whether there are regions of the 2HDM parameter space that yield a consistent model under RG running from the electroweak to the Planck scale. In general, two potential problems can arise in the RG evolution. First, Landau poles could arise from the divergence of the 2HDM quartic scalar couplings and/or Yukawa couplings. Second, the 2HDM scalar potential could become unstable at a higher energy scale. The case of Landau poles is fairly straightforward, although the precise energy scale at which they arise cannot be strictly determined, since it lies outside the perturbative regime of the RGEs. In practice, we shall consider that a Landau pole occurs when the relevant coupling exceeds 100 for some energy scale Λ ≤ M P l . Indeed, once such a large coupling is reached, it will very quickly diverge at an energy scale very close to Λ.
In our analysis, we employ the one-loop RGEs for the quartic scalar couplings of the 2HDM in the Higgs basis given in Appendix A. These equations are strongly coupled, and thus a divergence in one quartic scalar coupling will cause a divergence in the rest. The leading effects of two-loop running will be assessed at the end of this section.
In the SM, the requirement that the scalar potential is stable at all energy scales below the scale Λ is easily implemented. It is sufficient to require that the SM quartic scalar coupling is positive, i.e. λ SM (Λ) > 0 for Λ > v. Requiring that the 2HDM scalar potential is stable at all energy scales below the scale Λ leads to a more complicated set of conditions. In the 2HDM
with an unbroken, or softly broken, Z 2 discrete symmetry that sets λ 6 = λ 7 = 0 in eq. (1), the stability conditions were first obtained in Ref. [53] ,
However, in the case of a completely general scalar potential, the corresponding stability conditions are far more complicated (with no simple analytic form). Ref. [54] provides an algorithm for deriving the stability conditions for a general 2HDM, with no symmetry or CP assumptions imposed on the 2HDM scalar potential. In terms of the Higgs basis parameters, this algorithm is summarized in Appendix B. Except for special cases for the quartic scalar couplings, the corresponding stability conditions must be determined numerically.
We now describe in detail the procedure used in our analysis. We assume that we are in the decoupling regime of the 2HDM, where the mass scale of the heavy Higgs sector is of O(Λ H ).
In light of eqs. (7), (12) and (13), we henceforth set Λ 2 H ≡ Y 2 .
1. Start with the SM Higgs potential defined at the scale of the 125 GeV Higgs boson.
2. Use SM RG evolution to run the Higgs-self coupling parameter λ and the fermion mass matrices up to the scale Λ H . 3. Match the one-doublet Higgs potential with the 2HDM potential by taking 5. Run the 2HDM RGEs for the Z i , κ F and ρ F up to higher energies Λ. Check for stability of the potential at the scale Λ using the procedure summarized in Appendix B.
6. Stop the running if a Landau pole is encountered or if the stability conditions cannot be satisfied.
For the scalar sector, we scanned over the parameter space using 100,000 points, with
.., 7, to enforce the decoupling limit. These points were also subject to the constraint that they obey the stability conditions presented in Appendix B. Note that when |Z i | 1 for i = 2, ..., 7, we recover the SM Higgs sector. The choice of Λ H is subject 7 Starting the RG evolution at m Z , we use a five flavor scheme to run up to m t and a six flavor scheme above m t . Running quark mass masses at m Z and m t are obtained from the RunDec Mathematica software package [55] , based on quark masses provided in Ref. [56] . For simplicity, the effects of the lepton masses are ignored, as these contribute very little to the running of the Z i . to the condition Λ The Yukawa couplings play a fundamental role in this analysis. As discussed in Section III,
we have employed the flavor aligned 2HDM to describe the Yukawa sector, with random complex alignment parameters whose moduli were varied by several orders of magnitude. The evolution of the Yukawa couplings in the flavor-aligned 2HDM was first performed in Ref. [57] .
Notice that the running of the Yukawa couplings can also generate Landau poles. Due to the large size of the top quark mass, at least one of the Yukawa couplings will be of order one at the electroweak scale, so that a Landau pole in the top-quark Yukawa coupling below the Planck scale can be generated by the RG running. The alignment parameters, unique for both the up and down quark sectors, were log random generated in such a way as to prevent such Landau poles in the running of the Yukawa couplings up to Planck scale. In the RG running, the initial value of the top Yukawa coupling was taken to be y t (m t ) = 0.94, corresponding to an MS top quark mass of m t (m t ) = 163.71 ± 0.9 GeV [56] . The non-occurrence of Landau poles then leads to the constraints
as seen in Fig. 1 . These results are quite consistent with those obtained in Ref. [57] .
The effect of the alignment parameters in the one-loop quartic scalar coupling RGEs is to bolster the negative Yukawa terms, thereby further driving the quartic scalar couplings to be negative during RGE evolution. The influence of the Yukawa couplings in the scalar couplings RG evolution is dominated by y in the one-loop β-functions, where they provide a negative contribution. In this manner, the large size of the top quark Yukawa coupling tends to drive Z 1 negative at large energy scales, thus provoking an instability in the potential. This will occur unless the starting point value (at the electroweak scale) of Z 1 is large enough. Since Z 1 is directly related to the lightest CP-even mass in the decoupling regime, requiring the stability of the scalar potential between the electroweak scale and the Planck one therefore yields a lower bound on m h . Similarly, if the initial value of Z 1 at the electroweak scale is too large, then a Landau pole will appear in the running of Z 1 below the Planck scale due to the fact that the leading Z i contributions to the β-functions of the quartic scalar couplings are positive, thereby driving the quartic scalar couplings to larger values as the energy scale increases. Preventing the occurrence of Landau poles thus establishes an upper bound on Z 1 , and thus on m h .
Within the SM, these demands can only be satisfied up to the Planck scale by a rather narrow window of Higgs boson masses, which excludes the observed value of 125 GeV. As we shall now see, the complexity of the 2HDM scalar potential "opens up" that narrow window to include the known value of the Higgs mass. The distribution of red and blue points in Fig. 2 has some interesting features. First, there are no blue points above the SM-Landau pole line. In fact, although the 2HDM scalar potential has several scalar couplings, their contributions to the 2HDM β-functions are mostly positive.
As such, when one of these couplings starts to become very large in its RG evolution, the others will not be able to counteract that growth, and a Landau pole is reached. Consequently, the upper limit for the quartic scalar coupling Z 1 that controls the value of m h hardly differs from the corresponding SM result. Second, note the appearance of many blue points below the SM-instability line. These correspond to Landau poles that occur for relatively low values of m h , which is equivalent to low values of Z 1 . However, even though the initial value of Z 1
at Λ H may be small, the values of other Z i can be large, and thus Landau poles in these couplings can be generated, yielding those blue points below the SM instability line.
The most interesting aspect of our results concerns the distribution of the red points, which correspond to the violation of one or more of the 2HDM stability conditions at the energy scale Λ. We see a great "density" of points around the SM-instability line. These points may be interpreted as regions of 2HDM parameter space that constitute small deviations from SM behavior. But the remarkable difference with the SM result is the appearance of many points below and to the right of the SM-instability line. For these points, the instability of the scalar potential occurs at a larger value of Λ for a given value of m h as compared to the SM. Indeed, the full impact of the 2HDM on the RG evolution may be best appreciated by examining the rightmost boundary of limit. The statistics of these histograms are summarized in Table II . If the 2HDM is valid up to the Planck scale, then the mass differences among the heavy Higgs states must be quite small. This presents a challenge for heavy Higgs searches at future colliders. It may be that such a spectrum could only be reliably determined at a multi-TeV lepton collider. Indeed, if the heavy Higgs spectrum could be determined at some future collider, it would provide a nontrivial check of the present framework in which the 2HDM is valid up to the Planck scale.
The results shown in Table II are not particularly sensitive to the value of Λ H . For example, if Λ H = 1 TeV, then the distribution of possible squared-mass differences yields the results shown in Table III . Of course, in this case the corresponding mass differences are even smaller, and the separate discovery of each of these new scalar states at a future collider is even more challenging.
V.2. The effects of two-loops RG running
In the SM, the inclusion of the two-loop terms in the RGEs shifts the scalar potential instability boundary to a higher energy scale, which lowers the minimum Higgs boson mass that is consistent with a stable scalar potential all the way up to the Planck scale. In particular, the results in Ref. [14] yield a minimal value of m h 129 GeV for vacuum stability. Moreover, given the currently observed value of 125 GeV for the Higgs boson, the SM vacuum is metastable under the assumption of no new physics beyond the Standard Model below about 10 10 GeV. This means that the effect of including two-loop effects in the RG running lowers by about 10 GeV the minimal value of the Higgs mass that is consistent with vacuum stability.
We expect that employing the full two-loop RG analysis for the 2HDM would provide a similar downward shift in the lower bound of Higgs masses that survive up to the Planck scale, as well as increase the fraction of points that survive. In practice, implementing this full twoloop procedure is computationally expensive. Instead, we present a procedure to estimate the two-loop RG results. Note that the stability curve for the SM scalar potential at two-loops is both shifted to a higher energy scale, and is less steep as a function of the Higgs mass, relative to the one-loop SM scalar potential stability curve. In essence, going from one-loop In our one-loop calculations, only 707 (or 0.707%) of the 100,000 points analyzed survive to the Planck scale in the 123 GeV to 128 GeV region. With the conversion shift and a double check that they satisfy the stability requirement for 2HDM quartic scalar coupling parameters, 1,371 more points reach the Planck scale for a total of 2,078 (or 2.078%) at the Planck scale, an increase of 94% relative to the one-loop results. With an increase in the number of points, the "two-loop" squared mass splittings of the heavier Higgs bosons for points that survive up to the Planck scale are given in Table IV. Comparing Tables III and   IV , we see that there exists only slight differences in the squared-mass splittings of the heavier we considered the 2HDM with the most general scalar potential in the decoupling regime.
The Yukawa sector was treated using the flavor alignment ansatz, in which the second set of Yukawa matrices is proportional to the SM-like set at the electroweak scale to protect against tree-level Higgs-mediated FCNCs. Although the flavor alignment condition is not protected by a low-energy symmetry (except in special cases, which lead to 2HDMs of Types I, II, X or Y), it provides a more general framework which at present is consistent with experimental data.
We scanned over the scalar potential parameters and the flavor alignment parameters to fix the boundary conditions at the scale of the heavy Higgs states. We then employed one-loop RGEs for the full 2HDM, using a basis-independent approach and making no CP assumptions.
In a general 2HDM, the Higgs fermion interactions are governed by the following interaction Lagrangian: 
wherev av * a = 1 and v = 246 GeV. It is also convenient to definê
where 12 = − 21 = 1 and 11 = 22 = 0.
It is convenient to define invariant and pseudo-invariant matrix Yukawa couplings [39, 45] ,
where F = U , D or E. Inverting these equations yields
Note that under the U(2) transformation,
The Higgs fields in the Higgs basis are defined by [45] 
which can be inverted to yield Φ a = H 1va + H 2ŵa . One can rewrite eq. (A1) in terms of the Higgs basis fields,
The next step is to identify the quark and lepton mass-eigenstates. This is accomplished by replacing H 1 → (0 , v/ √ 2) and performing unitary transformations of the left and righthanded up and down quark and lepton multiplets such that the resulting quark and charged lepton mass matrices are diagonal with non-negative entries. In more detail, we define:
and the Cabibbo-Kobayashi-
Note that for the neutrino fields, we are free to choose V 
It is convenient to define
Eq. (A6) implies that under the U(2) transformation,
for F = U , D and E. Indeed, κ F is invariant since eqs. (A10)-(A12) imply that
which is a physical observable. The matrices ρ U , ρ D and ρ E are independent pseudoinvariant complex 3 × 3 matrices. The Higgs-fermion interactions given in eq. (A8) can be rewritten in terms of the quark and lepton mass eigenstates,
We now write down the renormalization group equations (RGEs) for the Yukawa matrices 
The RGEs above are true for any basis choice. Thus, they must also be true in the Higgs basis in whichv = (1, 0) andŵ = (0, 1). In this case, we can simply choose η 
The 2HDM scalar potential in a generic basis shown in eq. (1) can be written in a more compact form following the notation of Ref. [39] ,
Hermiticity requires that Y ab = Y * bā and Z abcd = Z * dcbā . In addition, the form of the scalar potential given in eq. (A27) implies that Z abcd = Z cdab . The full one-loop β-function for Z abcd is given by,
The squared-mass and coupling coefficients of the 2HDM scalar potential in the Higgs basis [cf. eq. (3)] can be written in the form of invariants or pseudoinvariants with respect to the U(2) transformations, Φ a → U ab Φ b , as shown in Ref. [39] . The three squared-mass parameters are given by
and seven coupling parameters are given by
Note that under a U(2) transformation, v a → U ab v b , whereas
Consequently, Y 1 , Y 2 , Z 1,2,3,4 are real U(2)-invariants, whereas Y 3 , Z 5,6,7 are potentially complex U(2)-pseudoinvariants, which are rephased under a U(2) transformation,
Finally, we note that the anomalous dimensions, which contribute to the quartic scalar coupling β-functions, are given by
of LC + , and any charge breaking vacua would lie on the interior of LC + . Transformations of the scalar fields that preserve the scalar field kinetic energy terms leave r 0 invariant and correspond to SO(3) rotations of the three-vectors, r.
In terms of the bilinears defined in eq. (B1), the scalar potential of eq. (3) can be written
with the 4-vector M µ and the mixed tensor Λ µ ν given by
and
To ensure that the scalar potential is bounded from below one needs to evaluate the eigenvalues and eigenvectors of the matrix Λ µ ν . Then one can determine conditions on those eigenvalues and eigenvectors such that r µ Λ µ ν r ν ≥ 0. The eigenvalues Λ a (a = 0, 1, 2, 3) of the matrix Λ µ ν will be determined by the usual characteristic equation,
since g µ ν = δ ν µ is just the 4 × 4 identity matrix. The corresponding eigenvectors corresponding to eigenvalue Λ a will be denoted by V (a) . For the most general 2HDM potential, the eigenvalues are the solutions of a quartic equation, which can in principle be determined analytically (although the corresponding expressions are not particularly transparent). However, it is straightforward to numerically evaluate the eigenvalues and corresponding eigenvectors. Note that, in general, some of the eigenvalues may be complex (since the real matrix Λ µ ν is not symmetric unless Z 6 = Z 7 = 0 and Z 1 = Z 2 ).
Having evaluated the eigenvalues and eigenvectors of Λ µ ν , we make use of Proposition 10 of Ref. [54] to conclude that the 2HDM potential is bounded from below if and only if the following conditions are met:
1. All the eigenvalues Λ a are real.
2. Λ 0 > 0. 
so that two of its eigenvalues can be immediately read off as Λ 1 = −Z 4 −Z 5 and Λ 2 = −Z 4 +Z 5 .
The remaining two eigenvalues are
Since the eigenvalues must be real, if follows that
Λ + is the largest eigenvalue and thus must corresponds to the time-like eigenvector. Hence, we identify Λ 0 = Z 3 + √ Z 1 Z 2 and Λ 3 = Z 3 − √ Z 1 Z 2 . Imposing the requirement that the scalar potential is bounded from below, it follows that the eigenvalues obtained above must all be real and obey the following inequalities:
which are the Higgs basis equivalents of eqs. (25) and (26) . The time-like eigenvector is V (0) = (x, 0, 0, y), where the components x and y are related via the eigenvector equation by
Since the time-like normalization condition implies that x 2 − y 2 = 1, we obtain
Thus we see that we must have Z 1 + Z 2 > 0, which when combined with eq. (B8) yields
Thus we recover the Higgs basis equivalents of eqs. (23) and (24) .
